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1. Introduction

Fractional differential equations have received increasing attention during recent years due to
its applications in various field of science and engineering such as, vibration, control, viscoelasticity
and electromagnetic theory. In fact, fractional differential equations are considered as models

alternative to nonlinear differential equations [1, 2, 7, 18]. For more details on this theory and
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applications, we refer the monographs of Lakshmikantham et al. [17], Miler and Ross [21], Podlubny
[25], Kilbas and Srivastava [14] and papers of Guo and Liu [12] and N’Guerekata [22].

The existence of solution to evolution equations with nonlocal conditions in Banach space was
studied first by Byszewski [10]. Then it has been studied extensively by many authors, (see [6, 20])
and the references therein. On the other hand, many evolution processes are characterized by the fact
that at certain moments of time they experience a change of state abruptly. These processes are subject
to short-term perturbations whose duration is negligible in comparison with the duration of process.
Consequently, it is natural to assume that these perturbations act instantaneously, that is, in the form of
impulse. It is known, for example, that many biological phenomena involving thresholds, burning
rhythm models in medicine and biological, optimal control models in economics, pharmacokinetics
and frequency modulated systems, do exhibit impulsive effects. Thus, impulsive differential equations,
that is, differential equations involving impulse effect, appear as a natural description of observed
evolution phenomena of several real world problems. For more details on this theory and applications,
see the monograph of Bainov and Simeonov [4], Lakshmikantham et al. [16], Perestyuk et al. [24] and
the papers of Liang et al. [19], Samuel et al. [27] and Selvaraj et al. [28].

Abstract quasilinear integrodifferential equations arise in many areas of science such as
population dynamics, mathematical physics, heat conduction theory of materials with memory etc. For
this reason such type of equations have received much attention in recent years. The abstract
quasilinear evolution equations have studied by many authors [3, 5, 15]. Recently, much attention has
been paid to existence results for the impulsive differential and integrodifferential equations of
fractional order in abstract space (see [8, 13, 26]).

In this paper we study the following fractional nonlocal impulsive quasilinear mixed Volterra-

Fredholm type integrodifferential equation of the form

d;l:a(t)+A(t, uu(t) = f (t,u(t),jk(t,s,u(s))ds,ih(t,s,u(s))ds}, (1)
u(0)+g(u) =u, )
Au(t)=1(u(t)),i=123,...m0<t, <t,...<t <T, (3)

in a Banach space X, where 0<a<lte[0,T],u,eX,i=12,...,m and O<t <t,..<t <T.We
assume that —A(t,.) is a closed linear operator defined on a dense domain D(A) in X into X such

that D(A) is independent of t. It is assumed also that —A(t,.) generates an evolution operator in the

Banach space X . The functions f:JxXxXxX — X,k,h:I'xX - X and g:PC(J,X)— X are
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given functions. Here J =[0,T] and I'={(t,s):0<s<t<T}. Let PC(J, X) consists of functions u
from [0,T] into X, such that u(t) is continuous at t=t, and left continuous at t=t; and the right

limit u(tf) exists for i=1,23,....,m. Clearly PC(J,X) is a Banach space with the norm

Jull.e = sup |u(t)].and let Au(t)=u(t")-u(t ) consists an impulsive condition. The results obtained

in this paper are generalization of the results given by Kumar et al. [15] and Bragdi et al. [9]. We
remark that as new in this paper, we are concerned with impulsive condition. The definition of

resolvent operators used in this paper is different from that in [9].
2. Preliminaries

Let X and Y be two Banach space such thatY is densely and continuously embedded in X .

The norm in any Banach space Z is denoted by || or|.|,. The space of all bounded linear operators

from a Banach space X to a Banach space Y is denoted by B(X,Y) and B(X, X) is written as B(X) .

We recall some definitions in fractional calculus from Gelfand-Shilov [11] and Podlubny [25], then

some known facts of the theory of semigroup from Pazy [23].

Definition 2.1. The fractional integral of order o with the lower limit zero for a function f €C ([Ooo))

is defined as

|__|.4dst>0 O<ax<l,

provided the right side is point-wise defined on [0,c0), where [ is the gamma function. Riemann-

Liouvilles derivative of order « with the lower limit zero for a function f C([O, oo)) can be written as

L~er . Lod i f(s)
D f(t)—mdtl(t_s)a,t>0,0<a<l

The Caputo derivative of order « for a function f eC ([Ooo)) can be written as

‘D (t)="D(f(t)-f(0)),t>0,0<a<Ll.

Remark 2.1. (1) If f eC*([0,0)), then
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c Daf (t): |1fa-!(tf_'(ss))“ =t f '(t),t >0,0<a<l

(2) The Caputo derivative of a constant is equal to zero.

If f isan abstract function with values in X, then the integrals which appear in definition 2.1 are taken

in Bochner’s sense.

Definition 2.2. A two parameter family of bounded linear operators U(t,s),OSsStsT, on X is

called an evolution system if the following two conditions are satisfied:
(i) U(s,;s)=land U(t,r)u(r,s)=U(t,s)for 0<s<r<t<T.
(ii) The map (t,s) — U (t,s) is strongly continuous for 0<s<t<T.
Definition 2.3. A family of bounded linear operator R, (t,s)eB(X),0<s<t<T is called resolvent
operator for equations (1) — (3) if the following condition satisfied:
(i) R, (t,s) is strongly continuous in tand s,R,(s,s)=1,s€J.
(i)  For xe X, R,(t,s)xis continuously differentiable in s €[0,T] and
R,
—=(t,s)x=R, (t,s)A(s,u(s))x.
R .5)x=R, (t5) Als.u(9)

(iii)  For xe X, ands€[0,T],R,(t,s)x is continuously differentiable in t €[s,T]and

6; (t,5)x=—A(LU(D)R, (t.5)x,

with Z—R(t s)xand aat—R(t s)x strongly continuous on 0<s<t<T. Here R, (t,s)can be extracted from
s

the evolution operator of the generator —A(t,u). The resolvent operator is similar to the evolution

operator for non-autonomous differential equations in a Banach space. Let Q be a subset of X.

Definition 2.4. A function ue PC(J, X) is a mild solution of (1) — (3) with values in Q satisfying

the integral equation

4(t)=R, (t,0)u, ~R, (1,0)g (1) +%i(t_s)“-l R (1)

f{s,u(s),jk(s,r,u(r))dr,fh(s,r,u(r))erds ST R (L)L (u(t) @

0 0 o<t<t

Copyright © 2015 by Modern Scientific Press Company, Florida, USA



Int. J. Modern Math. Sci. 2015, 13(1): 39-51 43
forall teJ, u, € X.

Definition 2.5. By the classical solution of (1) — (3) onJ , we mean a function u with values in X such
that:

(i) u is a continuous function on J\{t,t,,....,t,} and u(t)e D(A),

o

(i) ((jjt: exists and continuous on J,,0 <« <1,

(ilf)  u satisfies (1) on J,, the nonlocal condition (2) and the impulsive condition (3), where
Jo=(0,T\{t,t,,..0.t, ).
Now, we shall make the following assumptions

(A) g:PC(J:Q)—Yis Lipschitz continuous in X and bounded in Y, that is, there exist constants

G, >0and G, >0 such that

lo(u)l, <G

lg(u)-g(v)|, <G, max|Ju—v|,; ,u,vePC(J:X).

ted

For the assumptions (A,),(A;) and (A) let Z be taken as both X and Y.

(A) k:I'xZ — Z is continuous and there exist constants K, >0 and K, >0 such that

t
[Ik(ts,u) =k (ts,u,)], ds <K, Ju,~u,[, ,u;,u, € X,
0

t
K, = max {J'”k(t 5,0), ds:(t.s)e F}.
0
(A;) h:I'xZ — Z is continuous and there exist constants H, >0 and H, >0 such that

t
[Ih(ts,u)=h(ts,u,)], ds <H, Ju, ||, ,u,u, € X,
0

t
H,= max{j”h(t, 5,0)| ds:(t,s)e F}
0
(A,) f:IxZxZxZ —Z is continuous and there exist constants F, >0 and F, >0 such that

| (tu v W) = £ (U, v, W, )] < B (o =, + v =V, + W =W, ) b v, W e X,i=1,2,
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F, = max
ted

|f(t,0,0,0)] .

(A) I;: X — X are continuous and there exist constants I, >0,i=12,....,m such that
[ (W)= (V)| <k Ju=v].uv e X and 1, =[1;(0)].

Let us take M, = max{”Ru (t'S)HB(Z) ,0<s<t<T,u eQ}_

(A;) There exists a positive constant r >0 such that

T S
M, {(||u0||Y +Gl)+T+l[Flr+ FEKJIT+FK,T+FEH,IT+FH,T + F2]+iz=l:|ir +1, } <r

a+l
and q=KT ||u0||Y +G KT +M,G, +K %H(Flr +FEKTr+ FEK,T+FHTr+ FH,T + FZ)

F+FKT+ FlHlT)+{K y (Lr+1,)T +Moili}
=1

i i=1

Ta
My =—
0 a+1(

3. Existence Results

To prove our main results, we need the following Lemma:

Lemma 3.1. [23, Lemma 4.4, pp. 202] Let R, (t,s)the resolvent operators for the problem (1) — (3),

there exists a constant K >0 such that
t
IR, (t:5)w=R, (t.s)w] <K, [Ju(z)-v(c)]dz, ©)
0

for every u,ve PC(J : X )with values in Q and every weY .

Theorem 3.2. Suppose that the operator —A(t,u) generates the resolvent operator R, (t,s) with

R, (t,s)|<Me™ . If the assumptions (A)-(A;) are satisfied, then the problem (1) — (3) has a

unique mild solution on J forall u, € X.
Proof: Let S be a nonempty closed subset of PC(J, X)defined by
S:{u:UGPC(J,X),u(0)+g(u):uo,Au(ti):Ii(u(ti)),Hu(t)HsrforOstsT}. Consider a

mapping F on S defined by
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(Fu)(t)=R, (t,0)u, ~R, (t.0)g(u)

Ej; (t-s)'R {f [s u(s), ik(s,r,u(r))dr,Ih(s,r,u(r))drﬂds

+ 2 R (L6 (u(t))
We claim that F maps Sinto S. For ueS, we have

[Fu)l, <R, (t.0)uo] +[R. (t.0) g (u)]

L(t,s) f (s,u(s),:[k(s,r,u(r))dr,zh(s,r,u(r))drjds
+0;_<t||Ru ||(ul. )10 )

<|R. (t.0)u|+[R (t.0) g (u)

_II

e jtes) IR (6]
0

{f (S,U(S)’_S[k(s,T,U(T))dr,j-h(s,r,u(r))dr}— f(5,0,0,0)+ f (s,o,o,o)}

0 0

ds

LN

-3 IR eI ) -1 @) o))
.([k(s,r,u(z'))df—o

- F{uws)—ouﬁ

}ds+MOZm:(Iir+ld)

1 t
< My ||u, + MG, + Moj(t—s
0

=

b

+ jh(s,r,u(r))dr—0]+f(s,0,0,0)

0

1o o y
SMo”“o”y+Mo(31+EMo£(t—3) l{Fll’JrFl_([HK(S,T,U(T))—k(s,r,0)+k(s,r,O)Hdr

p m
+F[[h(s.z.u(z))~h(s.7,0)+h(s,7,0)|dr + Fz}ds+ Mo (r +1,)
0 i=1
< MO ||Uo||Y + MOGl

+ =M, [(t=s) "[Rr+FT (Kr+K,)+RT (Hr+H,)+ F2]ds+Moi(Iir+Id)
i=1
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T m
Ul +G, + Fr+FEKIT+FKT+FHIT+RH,T+F ]+ ) (Lr+]y
<M+ S <r

Therefore F maps S into itself. Moreover, if u,veS, then

[Fu(t)-Fv()]<[R, (£0)u, =R, (L.0)ug +[R, (1.0) g () -R. (.0 g (V)]
j t—s)""
~R,(t,s) f [s,v(s),jk(s,r,v(r))dr,jlh(s,r,v(r))dr}

0 0

+ Z HRU (L)1, (u(ti))_RV (Lt)1, (V(t'))u

O<ti<t

)t (s,u (5). Jk(s,2.0(2))de. Jh(s, 20 (T))df]

0 0

_II

ds

<[R, (t.0)uo =R, (t.0)u [ +[R, (t.0) g (u)-R, (t.0) g (u)]
+[R (1.0)g (u)-R, (t.0)g (V)]

+%_j;(t _g)“{ R, (t,8) f [s,u (s),j'k (s,7.u (r))dr,ih(s,r,u (r))dr]

~R,(t,s) f (s,u(s),jk(s,r,u(r))dr,j‘h(s,r,u(r))drj

0 0

+ Rv(t,S)f[S,U(S),j-k(STU( ))dz .Th(SZ'U( ))dz

0

—Rv(t,s)f(s,v(s),ik(s,r,v( (s.7.v(r
+Zm1:{ R, (t6) 1 (u(t)) =R, (t.6) 1 (u ()] +[R. (t.t) ( ))-R, (L)1 (v(t )H}

< KT |Ju|, Tgx“u(r)—v(r)‘h@KT TSJXH”(T)_V(T)HJF M,G, maJxHu (z)—v(z)|

a+l
1K %H(Flr +FKTr+ FRK,T + RHTr + FH,T +F,)max u(7) - (7))

+M, %{Fl max u () =v(z )]+ RK,T max|u(z)-v(z )]+ FH,T max|u (r)—v(r)”}
+{Ki(|ir+|d)T + MOZm:Ii}rTT]gx||u(r)—v(r)||

< gmax|u(z)-v(7)],
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a+l
where g = KT |u, ||, + GKT + MG, +K %H(Flr +FKTr+FK,T+FHTr+ FH,T+F,)

F1+F1K1T+F1H1T)+{K y (Iir+ld)T+Moi }
=1

TC{
M, — I
0 0!+1( i=1 I

and hence, we obtain |[Fu(t)—Fv(t)| < amax|u(z)—v(z)|,with 0<q<1.

=

This shows that the operator F is a contraction on S.From the contraction mapping theorem it follows

that F has a unique fixed point u e S which is the mild solution of (1) —(3) on [0,T].

Theorem 3.3. Suppose that

(i) Assumptions (A)—(A)hold,
(ii) Y is a reflexive Banach space with norm |/,
(ili)  The functions f,k and hare uniformly Hélder continuous in t € J.
Then the problem (1) — (3) has a unique classical solution onJ .
Proof: From (i), applying theorem 3.2, the problem (1) — (3) has a unique mild solution u e S . Set
t b
h(t)=f [t,u(t),jk (t,s,u(s))ds,jh (t,s,u(s))ds}.
0 0
In order to prove the regularity of the mild solution, we use the further assumptions. It is easy

to conclude that the function h(t) is also uniformly Halder continuous in t € J.

Consider the

dzf)+Aauymgzhay (6)

with the nonlocal condition (2) and the impulsive condition (3).

According to Pazy [23], the problem (6) has a unique solution v on J into X given by

V(1) =R, (1.0)u, R, (,0)g (u) +

R

o

1htﬂfl&05)

f(s,u(s),ik(s,r,u(r))dr,ih(s,r,u(r))dr}ds + 2 R ()1 (u(t)).

0 0 0<t<t
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Noting that, each term on the right hand side belongs to D(A), using the uniqueness of

v(t), we have that u(t) e D(A).It follows that u, is a unique classical solution of (1) — (3) on J .

4. Application

To illustrate the application of our result, we consider the following fractional nonlocal

impulsive quasilinear mixed Volterra-Fredholm type integrodifferential equation

o aut (o)
—P[t w(xt j'kl t,s,w(x,s))ds, ihl t,s,w(X, s))dsj 0<x<1,0<t<T, (7)
w(0,t) =w(Lt)=0,0<t<T, (8)
w(x,0) +21CW (xt) XE[O].] (9)
AW(xt) =1 (w(x.t)),i=12,...m, (10)
where  a:(0L)x[0,T]x; =i, P:[0T]xi xi xj =i,  k,h:[0T]x[0,T]x0 -0 and

I.:j — arecontinuous functions.
First, we reduce the equation (7) - (10) into (1) - (3) by making suitable choice of A, f,g,k,h

and 1 . Let X=L° [0,1] be the space of square integrable functions. Define the operator
At,):X =X by (A(t,) z)(x) =a(xt,)z" with dense domain D(A(t,))= {zeX: z,2' are
absolutely continuous z" e X and z(0) =z(1) =0}, generates an evolution system and R, (t,s) can be
extracted from evolution system, such that |R, (t,s)|<M,, M, >0for s<tand u eQcX..

Define the function f :[O,T]xx xX xX —=>X,k:h:T'xX =X, g:PC(J,X)—>X and I.: X —> Xas

follows
f(t,u,v,w)(x) =P (t,u(x),v(x),w(x)),
k(t,s,u)(x) =k (t,s,u(x)),
h(t,s,u)(x)=h(t,s,u(x)),

p

9(x) = ZCIW(X t),

o(4) - (wlx )
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for t e[O,T],u,v,W eX and 0<x<1. We assume that the function P,k,h,gand I in (7) - (10)

satisfy all the assumption given (Ai)—('%)- Then the above problem formulated abstractly as

quasilinear mixed Volterra-Fredholm integrodifferential equation in Banach space X:

a;liﬁthA(t,u(t))u(t):f(t,u(t),j;k tsu ds,.:[h tsu ],teJ . (11)
4(0)+g(u)=b, (12)
au(h) =1 {u(t)) (13)

Since all the hypotheses of theorem 3.2 are satisfied, the theorem (3.1) can be applied to

guarantee the mild solution of the fractional mixed Volterra-Fredholm partial integrodifferential
equations (7) — (10).
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