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1. Introduction 

Fractional differential equations have received increasing attention during recent years due to 

its applications in various field of science and engineering such as, vibration, control, viscoelasticity 

and electromagnetic theory. In fact, fractional differential equations are considered as models 

alternative to nonlinear differential equations [1, 2, 7, 18]. For more details on this theory and 
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applications, we refer the monographs of Lakshmikantham et al. [17], Miler and Ross [21], Podlubny 

[25], Kilbas and Srivastava [14] and papers of Guo and Liu [12] and N’Guerekata [22]. 

The existence of solution to evolution equations with nonlocal conditions in Banach space was 

studied first by Byszewski [10]. Then it has been studied extensively by many authors, (see [6, 20]) 

and the references therein. On the other hand, many evolution processes are characterized by the fact 

that at certain moments of time they experience a change of state abruptly. These processes are subject 

to short-term perturbations whose duration is negligible in comparison with the duration of process. 

Consequently, it is natural to assume that these perturbations act instantaneously, that is, in the form of 

impulse. It is known, for example, that many biological phenomena involving thresholds, burning 

rhythm models in medicine and biological, optimal control models in economics, pharmacokinetics 

and frequency modulated systems, do exhibit impulsive effects. Thus, impulsive differential equations, 

that is, differential equations involving impulse effect, appear as a natural description of observed 

evolution phenomena of several real world problems. For more details on this theory and applications, 

see the monograph of Bainov and Simeonov [4], Lakshmikantham et al. [16], Perestyuk et al. [24] and 

the papers of Liang et al. [19], Samuel et al. [27] and Selvaraj et al. [28]. 

Abstract quasilinear integrodifferential equations arise in many areas of science such as 

population dynamics, mathematical physics, heat conduction theory of materials with memory etc. For 

this reason such type of equations have received much attention in recent years. The abstract 

quasilinear evolution equations have studied by many authors [3, 5, 15]. Recently, much attention has 

been paid to existence results for the impulsive differential and integrodifferential equations of 

fractional order in abstract space (see [8, 13, 26]).  

In this paper we study the following fractional nonlocal impulsive quasilinear mixed Volterra-

Fredholm type integrodifferential equation of the form 

 

0 0

( , ) ( ) , ( ), ( , , ( )) , ( , , ( )) ,

t bd u t
A t u u t f t u t k t s u s ds h t s u s ds

dt





 
   

 
       (1) 

  0(0) ( )u g u u                            (2) 

            

     1 2, 1,2,3,....., ,0 ,i i i mu t I u t i m t t t T             (3) 

in a Banach space ,X where   01, 0, , , 1,2,.....,t T u X i m       and 1 20 .mt t t T     We 

assume that  ,.A t  is a closed linear operator defined on a dense domain  D A  in X  into X such 

that  D A  is independent of t . It is assumed also that  ,.A t  generates an evolution operator in the 

Banach space X . The functions : , , :f J X X X X k h X X       and : ( , )g PC J X X are 
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given functions. Here [0, ]J T  and {( , ) : 0 }.t s s t T      Let ( , )PC J X  consists of functions u  

from  0,T  into ,X  such that  u t  is continuous at 
it t  and left continuous at 

it t  and the right 

limit  iu t  exists for 1,2,3,....., .i m  Clearly ( , )PC J X  is a Banach space with the norm 

 
 

0,

sup ,
PC

t T

u u t


 and let      i i iu t u t u t    consists an impulsive condition. The results obtained 

in this paper are generalization of the results given by Kumar et al. [15] and Bragdi et al. [9]. We 

remark that as new in this paper, we are concerned with impulsive condition. The definition of 

resolvent operators used in this paper is different from that in [9]. 

2. Preliminaries 

Let X  and Y  be two Banach space such thatY is densely and continuously embedded in X . 

The norm in any Banach space Z  is denoted by .  or .
Z

. The space of all bounded linear operators 

from a Banach space X  to a Banach space Y  is denoted by ( , )B X Y  and ( , )B X X  is written as ( )B X . 

We recall some definitions in fractional calculus from Gelfand-Shilov [11] and Podlubny [25], then 

some known facts of the theory of semigroup from Pazy [23]. 

Definition 2.1. The fractional integral of order with the lower limit zero for a function   0,f C   

is defined as  

 
 

 
1

0

1
, 0,0 1,

t f s
I f t ds t

t s








   


  

provided the right side is point-wise defined on  0, , where is the gamma function. Riemann-

Liouvilles derivative of order  with the lower limit zero for a function   0,f C  can be written as 

 
 

 0

1
, 0,0 1.

1

t

L
f sd

f t t
dt t s

D






   

 
  

The Caputo derivative of order  for a function   0,f C  can be written as 

      0 , 0,0 1.C Lf t f t f tD D
 

      

Remark 2.1. (1) If   1 0, ,f C  then 
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                         
 

 
 1

0

'1
' , 0,0 1.

1

t

C
f s

f t I f t t
t s

D
 






    
 
  

(2) The Caputo derivative of a constant is equal to zero. 

If f is an abstract function with values in ,X then the integrals which appear in definition 2.1 are taken 

in Bochner’s sense. 

Definition 2.2. A two parameter family of bounded linear operators  , ,0 ,U t s s t T   on X is 

called an evolution system if the following two conditions are satisfied: 

(i)  ,U s s I and      , , ,U t r U r s U t s for 0 .s r t T     

(ii) The map    , ,t s U t s  is strongly continuous for 0 .s t T    

Definition 2.3. A family of bounded linear operator    , ,0uR t s B X s t T    is called resolvent 

operator for equations (1) – (3) if the following condition satisfied: 

(i)  ,uR t s  is strongly continuous in t and  , , , .us R s s I s J   

(ii) For ,x X  ,uR t s x is continuously differentiable in  0,s T  and 

      , , , .u
u

R
t s x R t s A s u s x

s





 

(iii) For ,x X  and    0, , ,us T R t s x   is continuously differentiable in  ,t s T and 

      , , , ,u
u

R
t s x A t u t R t s x

t


 


 

with  ,
R

t s x
s




and  ,

R
t s x

t




strongly continuous on 0 .s t T    Here  ,uR t s can be extracted from 

the evolution operator of the generator  ,A t u . The resolvent operator is similar to the evolution 

operator for non-autonomous differential equations in a Banach space. Let   be a subset of .X  

Definition 2.4. A function  ,u PC J X  is a mild solution of (1) – (3) with values in   satisfying 

the integral equation 

       0,0 ,0u uu t R t u R t g u     
1

0

1
,

t

ut s R t s





   

                                       
0 0

, , , , , , ,

bs

f s u s k s u d h s u d ds     
 
 
 

       ,
i

u i i i

t t

R t t I u t
 

   (4)
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for all t J , 0 .u X  

Definition 2.5. By the classical solution of (1) – (3) on J , we mean a function u with values in X such 

that: 

(i) u is a continuous function on  1 2, ,....\ , mJ t t t  and     ,u t D A  

(ii) 
d u

dt




 exists and continuous on 

0 ,0 1,J    

(iii) u  satisfies (1) on 0 ,J  the nonlocal condition (2) and the impulsive condition (3), where 

   10 2, ,...\ .,0, mt tJ T t . 

Now, we shall make the following assumptions 

 1A  : :g PC J Y  is Lipschitz continuous in X and bounded in ,Y that is, there exist constants 

1 0G  and 2 0G   such that 

  1,Y
g u G  

     2 m , :ax ,
t J PCY

g u g v G u u v PC J Xv


   . 

For the assumptions    2 3,A A  and  5A  let Z be taken as both X and .Y  

 2A :k Z Z   is continuous and there exist constants 1 0K   and 2 0K   such that 

   1 2 1 1 2 1 2

0

, , , , , , ,

t

ZZ
k t s u k t s u K u u u u Xds     

   2

0

max , ,0 : , .

t

Z
K k t s t sds

 
 





  

 3A :h Z Z   is continuous and there exist constants 1 0H   and 2 0H   such that 

   1 2 1 1 2 1 2

0

, , , , , , ,

t

ZZ
h t s u h t s u H u u u u Xds     

      2

0

max , ,0 : , .

t

Z
H h t s ds t s

 
 





  

 4A :f J Z Z Z Z     is continuous and there exist constants 1 0F    and 2 0F   such that 

         1 1 1 2 2 2, , , , , ,
Z

f t u v w f t u v w  1 1 2 1 2 1 2 , , , , 1,2,i i iZ Z Z
F u u v v w w u v w X i         
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 2 max ,0,0,0 .
Zt J

F f t


  

 5A :iI X X are continuous and there exist constants 0, 1,2,....,il i m   such that 

      , ,ii iI u I v l u v u v X     and  0 .d iI I  

Let us take  
  0 max , ,0 , .u B Z

M R t s s t T u   
 

 6A  There exists a positive constant 0r 
 
such that  

         
1

0 0 1 1 1 1 1 2 1 1 1 2 2
1

m

i

i
Y d

T
M u G F r F K rT F K F HT T l r lrT F H F r



 

 
       


 


  

and   
1

0 1 0 2 1 1 1 1 2 1 1 1 2 2
1

Y

T
q KT u G KT M G K F r F K r F K F H r F HT T T FT







        


 

   0 1 1 1 1 1 0

1 11

m m

i d i

i i

T
M F F K F H K l r l T M lT T



  

 
    




 
   

3. Existence Results 

 To prove our main results, we need the following Lemma: 

Lemma 3.1. [23, Lemma 4.4, pp. 202] Let  ,uR t s the resolvent operators for the problem (1) – (3), 

there exists a constant 0K   such that   

       
0

, , ,

t

u v Y
R t s w R t s w K w u v d                                             (5) 

for every  , :u v PC J X with values in   and every w Y . 

Theorem 3.2. Suppose that the operator  ,A t u generates the resolvent operator  ,uR t s with 

   
, .

t s

uR t s Me
 

 If the assumptions    1 6A A  are satisfied, then the problem (1) – (3) has a 

unique mild solution on J  for all 0 .u X  

Proof: Let  be a nonempty closed subset of  ,PC J X defined by 

             0: , ,, 0 ,  for 0 .i i iu tS u u PC J X u g u u u tu t r t TI      Consider a 

mapping F on S defined by 



Int. J. Modern Math. Sci. 2015, 13(1): 39-51 

        

Copyright © 2015 by Modern Scientific Press Company, Florida, USA 

45 

        0,0 ,0u uFu t R t u R t g u 

            
1

0 0 0

1
, , , , , , , ,

t s b

ut s R t s f s u s k s u d h s u d ds


   


 
   

    
   

  

     , .
i

u i i i

t t

R t t I u t
 

   

We claim that F maps S into .S  For ,u S  we have 

       0,0 ,0u uY
Fu t R t u R t g u    

           
1

0 0 0

1
, , , , , , , ,

t s b

ut s R t s f s u s k s u d h s u d ds


     


  
   

 
  

         , 0 0
i

u i i i i i

t t

R t t I u t I I
 

    

     0,0 ,0u uR t u R t g u    

   
1

0

1
,

t

ut s R t s





 

           
0 0

, , , , , , , ,0,0,0 ,0,0,0

bs

f s u s k s u d h s u d f s f s ds     
  

   
   

   

          , 0 0
i

u i i i i i

t t

R t t I u t I I
 

    

              
1

0 0 0 1 0 1

0 0

1
0 , , 0

t s

Y
M u M G M t s F u s k s u d


  




 

       
 

   

      0

0 1

, , 0 ,0,0,0

b m

i d

i

h s u d l r lf s ds M  



   

 

   

       0 0 0 1Y
M u M G          

1

0 1 1

0 0

1
, , , ,0 , ,0

t s

M t s F r F k s u k s k s d


   



 

    


    

        1 2

1

0

0

, , , ,0 , ,0

b m

i d

i

F h s u h s h s d F ds M l r l    



    


   

      0 0 0 1Y
M u M G   

        
1

0 1 1 1 2 1 1 2 2 0

0 1

1
t m

i d

i

T TM t s F r F K r K F H r H F ds l r lM








            
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           0 0 1 1 1 1 1 2 1 1 1 2 2

11
i

i
Y

m

d

T
M u G F r F K rT F K F H rT F l lFT H T r



 

 
        


 


 .r  

Therefore F maps S into itself. Moreover, if , ,u v S  then 

                  0 0,0 ,0 ,0 ,0u v u vFu t Fv t R t u R t u R t g u R t g v    

    

           

         

         

1

0 0 0

0 0

1
, , , , , , , ,

, , , , , , , ,

, ,
i
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where  
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This shows that the operator F is a contraction on .S From the contraction mapping theorem it follows 
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Then the problem (1) – (3) has a unique classical solution on J . 
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Noting that, each term on the right hand side belongs to   ,D A using the uniqueness of 

  ,v t we have that    .u t D A It follows that ,u  is a unique classical solution of (1) – ( 3) on J . 

4. Application 

To illustrate the application of our result, we consider the following fractional nonlocal 

impulsive quasilinear mixed Volterra-Fredholm type integrodifferential equation 
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for   0, , , ,t T u v w X  and 0 < <1x . We assume that the function 
1 1

, , ,P k h g and I in (7) – (10) 

satisfy all the assumption given    1 6A A . Then the above problem formulated abstractly as 

quasilinear mixed Volterra-Fredholm integrodifferential equation in Banach space X: 

 
    ,

u t
A t u t u t

t






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    0
0u g u u   .                                                                                                      (12) 

    i i i
u t I u t   .                                                                                                    (13) 

Since all the hypotheses of theorem 3.2 are satisfied, the theorem (3.1) can be applied to 

guarantee the mild solution of the fractional mixed Volterra-Fredholm partial integrodifferential 

equations (7) – (10).  
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