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Abstract: This paper deals with the Stochastic Volterra difference equation of second-kind
in two case studies and we will focus on the summablity in mean square and mean fourth
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1. Introduction
Simulation by the deterministic model can be considered one of the interested instances of
simulation by the random model. Other words, when the stochastic inputs in the deterministic model
simulation can be done just one. We can deal with stochastic models as the problem we want to solve.
We try to discuss Lyapunov technique in random case to study the qualitative behavior of the stochastic
process solutions. Many papers have been discussed the stochastic dynamical models in continuous case
such as stochastic partial differential equations or discrete such as stochastic difference equations [1] but
in this work we deal with stochastic difference equations in order to find the conditions for our method
in random case and we state the theorems which are the main part in this paper.
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The discrete dynamical system is popular enough with many researches [2, 3, and 4] and Volterra
equations are very important for both theory and applications [2, 5]. Sufficient conditions for mean
square summability of solutions of linear stochastic difference second-kind Volterra equations were
obtained by authors in [6] (for difference equations with discrete time) and [4] (for difference equations
with continuous time). Here we discuss the conditions for the nonlinear stochastic difference secondkind Volterra equation with constant coefficients and with random coefficients. Our results are obtained
by the method of Lyapunov functionals construction in mean square sense. Construction of Lyapunov
functionals is usually used for investigation of stability of hereditary systems which are described by
functional differential equations or Volterra equations and have numerous applications [7]. The general
method of Lyapunov functionals construction for stability investigation of hereditary systems was
proposed and developed (see [8]) for both stochastic differential equations with aftereffect and stochastic
difference equations.
The rest of this work is given as follows: In section 2, we prescribe some definitions and remarks
we will use it. In Sections 3 and 4, our technique use for getting the mean square and mean fourth
summability as a first case and second case. Finally, in section 5, we give the summary of our
contribution.

2. Preliminaries
2.1. Mean Square Summability Calculus
Assume that h be a given non-negative integer or h = ∞, iϵZ ∪ Z0 where, Z=0,1,..., Z 0 =−h, ...,
0, S be a space of sequences with elements in Rn and also, let (Ω, ξ, P) be a basic probability space,  i, j
ϵ Z, be a sequence of adapted random variables, and the stochastic process x i ϵ R n be a solution of the
equation:
𝑥𝑖+1 = 𝐹(𝑖, 𝑥−ℎ , … . . , 𝑥𝑖 ) + ∑𝑖𝑗=0 𝐺(𝑖, 𝑗, 𝑥−ℎ , … . , 𝑥𝑗 )𝜀𝑗+1 ,

𝑖𝜖𝑍

(1)

With the initial condition:
xi= Φi, i∈ Z0
Definition 1. The solution of (1 − 2) for some p >0 is called:
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Definition 2. For arbitrary functional Vi= V(i, x−h, ..., xi), i∈ Z, the operator ∆ 𝑉𝑖 is defined by:
∆Vi=V(i+1,x−h,...,Xi+1)−V(i,x−h,...,xi)
Definition 3. The trivial solution of (1) for some p>0 is called:
• P-stable, p >0, if for each ε>0 there exists δ>0 such that:
E[|xi |p ] < 𝜀 , 𝑖𝜖𝑍 ,

𝑖𝑓:



p

= supi ϵZ0 E[|Фi |p ] < 𝛿

 Asymptotically p-stable if it is p-stable and for each initial function Φi the solution xi of (1) is
asymptotically p-trivial.
Theorem 1. Let there exists negative functional Vi= V(i, x−h, ..., xi) which satisfies the conditions takes
the form:
E[V (0,h ,......,0 )]  c1 

p

(6)

Where c1,c2 and p are positive constants. Then, the trivial solution of (1) is asymptotically p-stable.
Lemma 2. If the trivial solution of (1) is uniformly mean fourth summable then it will be uniformly mean
square summable.

3. LyapunovFunctionals Technique
There are four steps if this construction as the following:
◆

Step 1
If we rewrite the functional F(.,.....,.) at the right-hand side of the following equation:
x(t+h)=η(t+h0)+F(t,x(t),x(t−h1),x(t−h2),....), t>t0−h0

as in the form:
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where
k≥0 is a given integer , ∆F3(t) = F3(t+h0) -F3(t)
◆

Step2
Assume that for the auxiliary equation:
y(t + h0) = F1(t, y(t), y(t − h1), ..., y(t − hk)),

t >t0− h0

Then there exists a Lyapunov functional as following:
V(t)=V(t,y(t),y(t−h1),....,y(t−hk))

(13)

which satisfies the conditions of:
𝛾 ˆ = 𝑠𝑢𝑝𝑠𝜖[𝑡0, 𝑡0 +ℎ0 ) ∑∞
𝑗=0 𝛾(𝑠 + 𝑗ℎ0 ) < ∞
E[V(t)]≤c1𝑠𝑢𝑝𝑠 ≤𝑡 E[|x(s)|2] ,t∈ [t0,t0+h0)
E[∆V(t)]≤−c2E[|x(t)|2]+𝛾(t),
◆

t≥t0

(14)
(15)
(16)

Step 3
If we consider the Lyapunov functional V(t) for (1) in the form V(t) = V1(t) + V2(t) where the

main component is:
◆

V1(t)=V1(t,x(t)−F3(t),x(t−h1),....,x(t−hk))

(17)

Step 4
Calculating E[∆V1(t)] and in a reasonable way estimate it.

4. Mean Square and Mean Fourth Calculus
Definition 4. A real random variable X defined on the probability space (Ω, F, P) and satisfies the
property given below:

E [|X|2 ]<∞,
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where, E[ ] denotes the expected value operator and also, If X∈L2(Ω), then the L2 norm is defined
as:

Additionally, If X ∈ L4(Ω), then the L4norm is defined as:

Important Inequalities
◆ Schwarz’sInequality
1

E[|XY|] ≤[E[X2]E[Y2]]2
◆ Hölder’s

Inequality

1

1
𝑛

1

E[|XY|] ≤[E[Xn]] [E[Ym]]𝑚
1

1

Where n, m >1, 𝑛 + 𝑛𝑚=1
Remark 1. If X, Y ∈L2q(Ω), q≥ 1, we have:
║XY║q≤║X║2q║Y║2q.
◆

Minkowski’s Inequality
If 1 ≤p < ∞and X, Y ∈Lp(Ω), then X + Y ∈Lp(Ω), and
𝑝

𝑝

1
𝑝

1

[E[|X+Y| ]≤ [𝐸[|𝑋| ]] +[E[|Y|𝑝 ]]2
◆ Lyapunov’sinequality

For 1≤r <s < ∞, then we have:
1

1

[𝐸[| 𝑋|𝑟 ]]𝑟 ≤ [E[|X|𝑠 ]] 𝑠

5. Mean Square Summable Linear Voltera Equation
Consider our problem in this work is to discuss the summability mean square and mean
fourth calculus for the following equation:
[𝑡]+𝑟

𝑥(𝑡 + 1) = 𝜂(𝑛 + 1) + ∑𝑗=0 𝑎𝑗 𝑥(𝑡 − 𝑗), 𝑡 > −1
Copyright © 2019 by Modern Scientific Press Company, Florida, USA
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s ∈ [−(r + 1), 0]

where aj is a random variable, and the process η(t) is uniformly mean square summable and we using
theLyapunov construction to find the summablity conditions in mean square and mean fourth calculus.
◆

Step 1
If we represent (26) in the form (14) with F2(t) = 0 ,k = 0 and:
F1(t)=βx(t)

Β=∑∞
𝑗=0 𝑎𝑗
[𝑡]+𝑟

𝐹3 (𝑡) = − ∑𝑚=1 𝑥(𝑡 − 𝑚) ∑∞
𝑗=𝑚 𝑎𝑗

(19)

By calculating ∆F3(t), we have:
[𝑡]+𝑟+1

∆F3(t) = -∑𝑚=1

[𝑡]+𝑟

∞
𝑥(𝑡 + 1 − 𝑚) ∑∞
𝑗=𝑚 𝑎𝑗 + ∑𝑚=1 𝑥(𝑡 − 𝑚) ∑𝑗=𝑚 𝑎𝑗 (20)

[𝑡]+𝑟

=−𝑥(𝑡) ∑∞
𝑗=1 𝑎𝑗 + ∑𝑚=1 𝑥(𝑡 − 𝑚)𝑎𝑚
Hence,

x(t+1)=η(t+1)+βx(t)+∆F3(t)

(21)

◆ Step 2
The auxiliary equation according to [18] is:

y(t + 1) = βy(t).

Then,
V(t) = y2(t) is a lyapunov function for the auxiliary equation if |𝛽| < 1
Here, β and F3(t) are random processes because they depend on the random variables a j
◆

Step 3
Using (4) and Schwarz’s Inequality, we can calculating E[∆V1(t)] as the following:
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Then, using (1) we have:

Using the equation (23), µ >0 we have:

Additionally, we have:

Hence,

Therefore,
2

2

2

║∆𝑉1 (𝑡)║4 ≤ [║𝛽║4-1+𝜇 −1 ║𝛽║4 − ║𝛽║4 𝛼 + 𝛼]║𝑥(𝑡)║4 +
+[1 + µ║β║4− αµ]║η(t + 1)║2 –[µ−1+ ║β║4–1]║Bm║4║x(t − m)║2
◆

Step 4
We can choose the another functional V2(t) as the following:
V2(t) =(|β-1|+𝜇 −1 ) ∑∞
𝑚=𝑗 𝐵𝑗 )

Hence, we have:
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2
4

= ║∆V1(t)
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2
4

+ ║∆V2(t)

2
4

one get:

Then, there exists a big µ >0 according to the condition:
(27)
the solution of (18) is uniformly mean fourth summable.

6. Conclusions
We consider the mean fourth summability conditions for the scalar nonlinear stochastic
difference Voltera equation in two case studies according to the coefficients be constants or random
variables by using Lyapunov functional construction technique. Sufficient conditions for the mean fourth
summability of the stochastic difference Voltera equation have been provided.
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